EXPLICIT RENAMING OF BOUND VARIABLES 



GEORGE CHEREVICHENKO 

Abstract. We present the lambda calculus AW with explicit substitu- 
tions and named variables. The characteristic feature of this calculus is 
as follows: renaming of bound variables when performing substitutions 
is done using special reductions and may be delayed. 



1. Introduction 

There is a gap between lambda calculi with explicit substitutions using De 
Brujn indices and lambda calculi with explicit substitutions using ordinary 
(named) variables. The first follow the spirit of category theory. The second 
attempt to reflect the "real way to work with bound variables" . We clarify 
this with an example. Simultaneous substitution will be denoted by 

Let's call this substitution s. Suppose the variable x is different from all 
xi, X2, • • • , a^fc- By [s 1 x/N] denote the substitution 

[xi/Ni , X2/N2 , ... , Xk/Nk , x/N] 

According to [5], the substitution s moves under a binder this way 

{Xx.M)[s] ^ Xy.{M[s , x/y]) 

where y is a "fresh" variable. The similar reduction for categorical combi- 
nators is 

A(M) o s ^ A(M o{soF, S)) 

where F denotes the first projection and S denotes the second projection. A 
significant difference is that in the latter case the substitution s is multiplied 
by the first projection. Abadi, Cardelli, Curien, and Levy in [1] suggested to 
use the substitution t, corresponding to the first projection, together with 
named variables. They have obtained the equality 

{\x.M)[s] = \x.{M[{x/x) • (sot)]) 

We rewrite this equality as 

{Xx.M)[s] Aa;.(M[sot, x/x]) 

Abadi, Cardelli, Curien, and Levy write "In this notation, intuitively, 
x[^] refers to x after the first binder." To clarify this point, consider some 
typed calculus with contexts, where contexts are finite lists of the form 
xi : Ai,X2 ■ A2, . . . ,Xk ■ Ak, where Ai, A2, . . . , Ak are types and repetitions 



of variables are permitted. A judgement of the form T \- x : A means "the 
rightmost occurrences of the variable x in the context F has type A." For 
example, the judgement x : A , x : B \- x : B is true, but the judgement 
X : A , X : B \- X : A is not true. But the judgement x : A, x : B \- : A 
is true. The crucial idea is this: if we allow repetitions of identical variables 
as in Xx.Xx.M, then we must allow repetitions in contexts too. In this way 
we will obtain some lambda calculus with explicit substitutions and named 
variables such that: 

(1) It is close to the calculi of categorical combinators; 

(2) It is convenient to work; 

(3) Renaming of bound variables when performing substitutions is done 
using special reductions and may be delayed. 

Now we must introduce a convenient notation. To give a definition of free 
variables it is much more convenient to use the notation [s]M than M[s]. 
Substitutions should be on the same side where contexts and binders are. 
Composition of substitutions also will be written in the reverse order (we 
will write q o s where it was written s o q). For example, the rewrite rule 

M[s][q] M[soq] 

will now look like this 

[q][s]M [qos]M 

Now we can write far fewer parentheses. For example, [s]Xx.[q]Xy.M is 
uniquely deciphered as [s]{Xx.{[q]{Xy.M))). I chose the notation s o M in- 
stead of [s]M, because s o Xx.q o Xy.M is easy to read, this notation is close 
to the notation of category theory, and we can now use angle brackets to 
denote ordered pairs and nothing else {id o AI looks better than {id)M). 
After some doubts I have replaced the symbol t by W. We will have to 
supply this symbol with a subscript, and (Wx o Wy , Wz o z\z) is much 
easier to read than o tj/ , tz °z\z). The symbols Wx correspond to Wx 
from [3] to some extent, but are not the same. 

The sets of untyped terms and substitutions are defined inductively as 
follows: 

M,N ■.■. = x\ MN I Xx.M \soM 
s,q :: = id \ W \ (s , N\x) \ s o q 

where the symbol x denotes an arbitrary variable. 

The sets of typed terms and substitutions are defined inductively as fol- 
lows: 

M,N :: = x\ MN \ Xx^.M \soM 
s,q :: = id \W \ {s , N\x) \ s o q 

where A is an arbitrary type. 

A usual simultaneous substitution 

[xi/Ni, X2/N2, ... , Xk/Nk] 
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in the new notation looks like 

(. . . {{id, Ni\xi) , N2\X2) Nk\xk) 

For brevity, we will write 

{id , Ni\xi , N2\x2 , ... , Nk\xk) 

But now any two (or more) of the variables xi,. . . ,Xk may coincide (as in 
contexts) . 

A judgement is an expression of the form F h M : ^4 or of the form 
F h s A, where F and A are contexts, A is a type, M is a term, and s is a 
substitution. 

Definition 1.1. (Typing rules). 

(i) r,x : Ah X : A 

Th x: A 

(ii) - — — — 7 # y) 

T,y : B h X : A 



{Hi) 
{iv) 
{v) 



Th M : A^ B Th N :A 

F h MN : B 
T,x : Ah M : B 

F h Ax^.M : A^ B 
Th s>A Ah M : A 



Th soM -.A 

{vi) rhid>T 

{vii) F,a;:^l-W>F 

FI-s>A Fh N -.A 

(via) 

F h (s , N\x) >A,x:A 

FI-s>A Al-g>i; 

(ix) 

Fhsog>S 



The restriction in the rule (ii) is necessary because T h x : A means "the 
rightmost occurrences of the variable x in the context F has type A." 

Example 1.2. 

X : A, X : B h X : B 



X : A, x : B , y: C h X : B 

Example 1.3. 

x: A. X : DhW> :r : A x : A h x : A 



X : A, x : B hW o X : A 
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Example 1.4. 

X : A,x : B,y: C \- W> X : A,x : B x : A, x : B \- W > x : A 

X : A,x : B,y: C \-W oW>x : A x : Ah x : A 

X : A,x : B,y: C h {W oW) o X : A 

Example 1.5. 

X : A, X : B \- X : B 

x:Ah Xx^.x :B-^B 

h Ax^.Ax^.x :A^{B^B) 

There are no weakening rules except the rule (ii). But now we have an 
explicit weakening. For example, we can derive T,y : B \- W o Ad : A from 
Th M -.A 

Example 1.6. 

r,y : B hW>r Th M : A 

T,y : BhWoM : A 

If the variable y does not occur in the context F, then W o M reduces to 
M in some sense (more precisely, W o M and M have a common reduct). 

The typing rules II. Il have a pleasant property: every derivable judgement 
has a unique derivation. This is not true for the usual typing rules because 
of weakening rules. This pleasant property allows us to determine uniquely 
the value of any judgement in some cartesian closed category by induction 
over the derivation. Assume that some objects are assigned to types. To 
each context of the form 

Xi : Ai , X2 : A2 , . . . , Xn ■■ An 

we assign the object 

(...(1 X Ai) X ^2) X •••) X An) 

where 1 is the (canonical) terminal object. 

Denote by A C the composition oi A ^ B and B C. 

To any derivable judgement of the form F h M : A we put in correspondence 

some arrow from F to j4. 

To any derivable judgement of the form F h s A we put in correspondence 
some arrow from F to A. 

Definition 1.7. (F h M : A) ^ F 4 A is shorthand for "the arrow F — t- j4 
corresponds to the judgement F h M : A." 

f f 
(F h s i> A) =^ F — 7- A is shorthand for "the arrow F ^ A corresponds to 

the judgement F h s l> A." 
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Definition 1.8. (Values of derivable judgements in cartesian closed cate- 
gories) . 

(i) {r,x : Ah X : A) ^ r X A''-^ A 

{rhx:A)^rAA 
{ii) — {x ^ y) 

{r,y:Bhx:A)^TxB ^''^^ A 

{r\- M : A^ B) A B^ {Th N : A) A 

(iii) 

{ThMN:B)^T^-f'^''"B 

{r,x : A\- M : B) ^ r X A ^ B 
{iv) 

(r h Xx^.M :A^B)^r^4^B^ 

(T\- s>A) A A (AhM:A)^AAA 



{ThsoM -.A)^!^^^ A 

vi) (rhzd>r) =»r4r 

vii) {T,x:A\-W>r)^TxA^r 

{r\- s>A) A A {T\- N : A) A A 

viii) 

(r h (s , N\x) t> A , X : A) ^ r ^■^^'^ A X A 

{Th s>A)^T ^ A (Ahg>E)=j>AAs 

ix) 

(r h s o g > s) ^ r -^4^ s 



Now we can write some equations (untyped for simplicity). 
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Definition 1.9. (The calculus of equations). 



(Beta) {\x.M)N = {id , N\x) o M 

(Abs) s o Xx.M = Xx.{W o s , x\x) o M 

(App) so (MN) = {so M){so N) 

{ConsVar) {s , N\x) o x = N 

{New) {s , N\x) o y = s o y {x ^ y) 

{IdVar) ido X = X 

{Clos) soqoM={soq)oM 

{Ass) s o q o r = {s o q) or 

{IdR) s o id = s 

{IdShift) idoW = W 

{ConsShift) {s , N\x) oW = s 

{Map) s o {q ^ N\x) = {s o q , s o N\x) 

(a) Xx.M = Xy.{yV , y\x) o M {x,y are arbitrary) 

Here s, q, r are substitutions, 
s o q o M is sliorthand for s o {q o M) 

s o q or is shorthand for s o {q o r) 



{s o q ^ so N\x) is shorthand for ((s o g) , (so N)\x) 

The names of the equations are taken from [1], but partially reversed 
{ConsVar instead of VarCons and so on) because of the reversed notation. 
The equations New and a are ne'vvOI. 

When a substitution is applied to a variable, the rightmost occurrence of 
this variable works. See the following example 

{id , M\X , N\X , L\y) o x =New {id , M\x , N\x) o x =ConsVar N 

I want to stress that there is no restriction on the variables in {a). For 
example, we can write 

Xx.M = Xx.{W , x\x) o M 
The following special case of {a) is important 

Xx.y = Xx.{}V , x\x) o y {x ^ y) 

Applying New to the right part, we obtain 
(W) Xx.y = Xx.W oy {x^y) 
Now we can compute lambda-terms. 



After the article was written, Johan G. Granstrom pointed me to his PhD thesis [2] 
with a very similar calculus in Chapter V. 
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Example 1.10. 



{Xxy.x)y 

= {id , y\x) o Xy.x Beta 

= Xy-{W o {id , y\x) , y\y) o x Abs 

= Xy.{W o {id , y\x)) o x New 

= Xy.{'W o id, Wo y\x) o x Map 

= Xy.W o y ConsVar 

= Xz.{W , z\y) oW oy a 

= Xz.{{W , z\y)oW)oy Clos 

= Xz.W o y ConsShift 

= Xz.y W 



We show by examples how to define free variables of terms. Our calculus 
has an unexpected feature: the variable x can occur freely in a term of the 
form Xx.M. To each free occurrence of x in M assign its level (it is not the 
De Brujn level), which is a natural number ^ 1. The only occurrence of x 
in the term x has level 1. We can immediately bind this occurrence and get 
Xx.x. The only occurrence of x in the term W ox has level 2. The rightmost 
occurrence of x in the term Ax.W o x is free and has level 1. The rightmost 
occurrence of x in the term Ax. Ax.W o x is bound. The only occurrence of 
X in the term W o W o x has level 3. The rightmost occurrence of x in the 
term Ax. W o W o x is free and has level 2. The rightmost occurrence of x in 
the term Ax.Ax.W o W o x is free and has level 1. The rightmost occurrence 
of X in the term Ax. Ax. Ax.W o W o x is bound. 

Because the rightmost occurrence of y in the term Ay.W o y is free, this 
term is a-equal to the term Xz.W o y. This renaming of the bound variable 
is done in Example ll.lOi 

Ay.W o y 

= Xz.{'W , z\y) oW oy a 

= Xz.{{W , z\y) oW)oy Clos 

= Az.W o y ConsShift 

I do not have good rewrite rules for the calculus 11.91 hence I propose a dif- 
ferent approach. We change the language. Now each symbol W is equipped 
with a variable as a subscript (Wx, Wy, Wz • • •)■ The sets of untyped terms 
and substitutions are defined inductively as follows: 

M,N :: = x \ MN \ Xx.M \ soM 
s,q :: = id \ Wx \ {s , N\x) \ s o q 

where the symbol x denotes an arbitrary variable. 

7 



The sets of typed terms and substitutions are defined inductively as fol- 
lows: 

M, iV :: = X I MN \ Xx^.M \soM 
s,q :: = id \ Wx \ {s , N\x) \ s o q 
Rule (vii) of Definition 11.11 is changed to 
{vii) r,x:AhWx>T 

Rule {vii) of Definition 11.81 is changed to 

{vii) {r,x : Ah Wx>r) X A^-^ r 

Example 1.11. 

X : A,x : B \- yVx> X : A x : A\- x : A 
X : A,x : B \- Wx o X : A 

Example 1.12. 

X : A,x : B,y : C \- Wy> X : A,x : B x : A,x : B \- Wx> x : A 

X : A,x : B,y: C \-WyoWx>x : A x:A\-x:A 
X : A,x : B,y: C h {Wy oWx) o X : A 

The calculus 11.91 is a draft. We write a similar calculus in the new lan- 
guage, this is AW. 

Definition 1.13. (The calculus AW without several rules). 



{Beta) {Xx.M)N {id , N\x) o M 

{Abs) so Xx.M Xx.{WxO s , x\x) o M 

{App) so{MN) {soM){soN) 

{ConsVar) {s , N\x) o x ^ N 

{New) {s , N\x) oy— )-soy {x ^ y) 

{IdVar) ido X ^ X 

{Clos) soqoM-^{soq)oM 

{Ass) sogor— )• {s o q) or 

{IdR) s o id ^ s 

{IdShift) id o Wx Wx 

{ConsShift) {s , N\x) oWx^s 

{Map) s o {q , N\x) — )• (s o g , s o N\x) 

(Wi) Wxoy^y {x^y) 

(W2) {s o Wx) oy^ soy {x^y) 

(ai) Xx.M Xy.{Wy , y\x) o M {*) 



where (*) is some restriction on the variables: if the variable x occurs freely 
in Xx.M, we can rename x to a "good" variable. 

Example 11.101 now looks like this: 
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Example 1.14. 



{Xxy.x)y 



{id , y\x) o Xy.x 


Beta 


Xy.{Wy o {id, y\x) , y\y) o x 


Abs 


Xy.{Wy o {id, y\x)) o x 


New 


Xy.{Wy o id , Wy o y\x) o x 


Map 


Xy.Wy o y 


ConsVar 


Xz.{Wz, z\y)oWyOy 


a\ 


Xz.{{Wz, z\y)oWy)oy 


Clos 


Xz.Wz o y 


ConsShift 


Xz.y 


Wi 



We were able to apply qi because y occurs freely in Xy.Wy o y (the right- 
most occurrence is free). 

Let's try to write the formal analogue of Definition II. II for untyped terms 
and substitutions. Contexts are now simply finite lists of variables with 
multiplicity (i.e., repetitions are permitted). 

A judgement is now an expression of the form F h M or of the form 
r h so A, where F and A are contexts, M is a term, and s is a substitution, 
r h M means that M is a well- formed term in the context F. 
r h s > A means that s is a well- formed substitution for A over T. 

Definition 1.15. (Well- formed terms and substitutions). 

{{) T,x \- X 

r h X 

{ii) - — ■ (x ^ y) 

T,ytx 



(Hi) 
(iv) 



r h M r h 
r h MN 

T,xh M 



r h Xx.M 

rhsi>A AhM 



r h soM 

(vi) r hid or 

(vii) r, X h r 



(vm) 



[IX 



rhsoA rhiv 

r h (s, N\x)>A,x 
rhsoA AhgoS 
r h s o g s 



Example 1.16. 

x,x \- X 



x,x,y \- X 

Example 1.17. 

x,x \- Wx > X X \- X 



x,x \- Wx O X 

Example 1.18. 

x,x,y \- yVy> x,x x,x\-Wx>x 

x,x,y \- Wy oyVx> X X \- X 

x,x,y\- {Wy o Wx) o x 

Example 1.19. 

x,x \- X 
X h Xx.x 
h Xx.Xx.x 

All usual A-terms (without explicit substitutions) are well- formed. But 
there are some restrictions on subscripts of the symbols Wx- For example, 
a term of the form Xx.Wx o M is well-formed if Mis well-formed 



r,xhWx>T rhM 
T,xhWxoM 

r h Xx.Wx o M 



but a term of the form Xx.Wy o M is never well-formed 

r,yhWy>r rhM 

— (?) 

r,xhWyoM 
r h Xx.Wy o M 

Reducts of well- formed terms and substitutions are well- formed, hence reducts 
of usual A-terms are well-formed. We will work only with well-formed terms 
and substitutions. 

But there is a problem: we can not reduce such term as Wy o y. We 
can reduce Xy.Wy o y (to Xz.y), but not Wy o y. It is unpleasant to have 
such normal forms. Hence we introduce a new idea. So far we have one 
step reductions Mi — )• M2 and si — >• S2 defined on the sets of terms and 
substitutions respectively. We introduce also a one step reduction 
Ti h Ml T2 \~ M2 defined on the set of judgements of the form T h M. 
Really we need only derivable judgements in the sense of Definition 1 1.1 51 
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Definition 1.20. (Compatible closure). 



Ml M2 



Xx.Mi \x.M2 



Ml M2 



Ni N2 



MiN M2N 



MNi MN2 



Sl S2 



Ml M2 



Sl o M -i- S2 o M 



soMi^ S0M2 




{si , N\x) ^ {S2 , N\x) {s , Ni\x) ^ (s , N2\x) 



Sl S2 



qi q2 



Sl o q ^ S2 o q 



s o qi ^ s o q2 



Ml M2 

r h Ml r h M2 

At last, we add one more rewrite rule (called Q2), which can be applied 
to a judgement of the form T \- M and renames a variable in the context 
r. For example, the term Wy o y can be well-formed only in a context of 
the form A, y. We can apply 02 to the judgement A, y h Wy o y and obtain 
the judgement A, z h Wz o y, which then reduces to A, z h y. We denote by 
AW the set of derivable judgements of the form T h M. For AW this set is 
like A for A/3 and ~^ is the main one step reduction. 

The rest of the paper is organized as follows. Section 2 defines the sets 
of contexts, terms, and substitutions. Section 3 provides a definition of free 
variables. Section 4 introduces the calculus AW. Section 5 proves Sub- 
ject reduction. Section 6 proves several useful properties of AW. Section 7 
compares AW with Act from [Ij. Section 8 defines the a-equivalence. Sec- 
tion 9 proves that AW is confluent. Section 10 shows that any computation 
without Beta is strongly normalized. 
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2. Terms and substitutions 

For accuracy, we will use metavariables for variables. For example, beta- 
reduction rule would be written as: 
{Xa.M)N {id, N\a) o M, 

where a is a metavariable for variables, M and N are metavariables for 
terms. Replacing a by the variable x, M by the term xx, and N by the 
term y, we obtain the following concrete example of beta-reduction: 
{\x.xx)y — )• {id, y\x) o (xx) 

For simplicity we will work with the untyped calculus. However, we will 
use contexts. 

Definition 2.1. The symbols x,y,z, . . . are variables. The symbols M, N, L 
range over terms, s,q,r range over substitutions, and a,b,c range over vari- 
ables (they are metavariables). The sets of terms and substitutions are 
defined inductively as follows: 

M,N ■.■. = a\ MN I Xa.M \soM 
s,q :: = id \ Wa \ {s , N\a) \ s o q 

Note that 

s o AI corresponds to M[s] from [1]; 

soq corresponds to qos from [1]; 

{s , N\a) corresponds to N ■ s from [1]; 
Wa corresponds to t from |T]. 

Convention 2.2. Outermost parentheses are not written. 
Outermost parentheses around s in {s , N\a) are not written. 
Outermost parentheses around in (s , N\a) are not written. 

Convention 2.3. 

MNi...Nk is shorthand for ( {MNi ) . . .)Nk 

Xai...ak.M is shorthand for Aai.(. . . (Aa^.M)) 

Xa.M Ni...Nk is shorthand for Xa.{M Ni . . . Nk) 

s o MNi ...Nk is shorthand for s o {MNi . . . Nk) 

Xa.s o M is shorthand for Xa.{s o M) 

s o Xa.M is shorthand for s o {Xa.M) 

si o . . . o Sfc o Sk+i is shorthand for si o (. . . o (sfc o Sk+i)) 

si o . . . o Sk o M is shorthand for si o (. . . o (s^ o M)) 

{s , Ni\bi , Nn\bn) is shorthand for ((. . . {{s , iVi\5i) , 7V2\&2) ,•.•), Nn\bn) 
Example 2.4. ido ido x is shorthand for id o {id o x) 



Example 2.5. Xx.idoy is shorthand for Xx.{idoy) 
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Example 2.6. idox{yz) is shorthand for ido{x{yz)) 
Example 2.7. 

{id aid, ido y\x) is shorthand for {{id o id) , {id o y)\x) 
Example 2.8. 

ido Xx.WxO Xy.z is shorthand for id o {Xx.{'Wx o {Xy-z))) 
Example 2.9. 

{id, y\x , z\x) is shorthand for {{id, y\x) , z\x) 

For a more precise definition of terms and substitutions see Section 11. 

Definition 2.10. A context is a possibly empty, finite hst of variables with 
multiplicity (i.e., repetitions are permitted). The symbols F, A,S,* range 
over contexts. 

Example 2.11. The list x,x,y is a context. 

Definition 2.12. A judgement is an expression of the form F h M or of 
the form F h s > A. 

A judgement of the form F h M means "M is a well- formed term in the 
context F." A judgement of the form F h s > A means "s is a well-formed 
substitution for A over F." 

Definition 2.13. (The inference rules for judgements). 

i) T,a\- a 
Fha 

ii) (a 7^ b) 

T,b\- a 



Hi) 



IV) 



v) 



F h M F h AT 
F h MN 



F h Xa.M 
FhsoA AhM 



FhsoM 

vi) r\-id>r 

vii) F, a h Wa > F 

Fhs>A FhAr 



Vlll 



IX 



F h (s , N\a) > A, a 
FI-s>A AI-g>E 
F h sog>S 



Here a^b means that a and b denote distinct variables. 
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Example 2.14. 

x,x \- Wx > X X \- X 
x,x,y \- Wy > x,x x,x \- yVx o X 

x,x,y \- Wy o Wx o X 

Example 2.15. 

T,xhM : 
r h Xx.M Th N 
r h {Xx.M)N 

Example 2.16. 

Thid>T Th N : 

r h {id, N\x)>r,x r,xhM 

r h (id , 7V\x) o M 
Lemma 2.17 (Generation lemma). 

Each derivation of T,a\- a is an application of the rule (i). 

Each derivation of T,b \- a {where a ^ b) is an application of the rule (ii) 

to some derivation of T \- a. 

Each derivation of T \- MN is an application of the rule (Hi) to some 
derivations of T \- M and T \- N . 

Each derivation of T \- Xa.M is an application of the rule (iv) to some 
derivation of T,a\- M. 

Each derivation of T \- s o M is an application of the rule (v) to some 
derivations of T \- s\> A. and A h M for some A. 

Each derivation of T \- id > A is an application of the rule (vi), where A 
coincides with T. 

Each derivation o/ A h Wa >T is an application of the rule (vii), where A 
coincides with T,a. 

Each derivation of T \- {s , N\a) > E is an application of the rule (viii) to 
some derivations of T \- s\> A and T \- N for some A, where S coincides 
with A, a. 

Each derivation o/ F h s o g > S is an application of the rule (ix) to some 
derivations of T \- s\> A and A h g > S for some A. 

Proof. The proof is straightforward. □ 

Lemma 2.18. If a judgement of the form T \- s\> A is derivable, then A is 
uniquely defined for given T and s. 

Proof. The proof is by induction over the structure of s (see Definition 12. ip . 
Case 1: s is id. This implies that A coincides with T. 

Case 2: s has the form Wa for some a. This implies that F coincides with 
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A, a. 

Case 3: s has the form {q , N\a) for some q, N, a. By Generation lemma, 
we can derive F h g > E for some E. By the induction hypothesis, S is 
uniquely defined for F and q. Then A coincides with S, a. 
Case 4: s has the form q o r for some q,r. By Generation lemma, we can 
derive F h g' > S for some S. By the induction hypothesis, S is uniquely 
defined for F and q. By Generation lemma, we can derive S h r t> A, where 
A is uniquely defined for T, and r. □ 

Lemma 2.19. For any derivable judgement, there is a unique derivation. 

Lemma 2.20. The problem of derivability for judgements is decidable. 

Proof. We try to construct a derivation from the bottom up. □ 

Example 2.21. Not each term is well- formed in any context. A term of the 
form Aa.Wb o M is not well-formed in any context if a 7^ 6. 

F,yhW„c>F FhM 
— (?) 

F, X h o M 

F h Xx.Wy o M 

Example 2.22. A term of the form (Wa o M)(VV(, o N) is not well- formed in 
any context if a 7^ 6. 

F,xl-W^>F FhM F,yl-Wy>F FhiV 

F,xhWa;oM V,yhWyoN 

? h {W:,oM){WyoN) 

Example 2.23. A substitution of the form (s , N\a)oW}, is not well-formed 
in any contexts if a 7^ 6. 

Fhs>A FhiV 

Fh(5, Ar\a;)>"A;^ A,t/h>V^>A 
F h (s , N\x) o Wj, > A 
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3. Free variables 



Consider some term M and some variable a. To each free occurrence of a 
in M assign its level, which is a natural number ^ 1. The only occurrence 
of X in the term x has level 1. We can immediately bind this occurrence 
and get Xx.x. The only occurrence of x in the term Wy o x has level 2. 
We can write the term Xx.'Wy o x, but this term is not well-formed (see 
Example 12.21 p . If we want to bind this occurrence and get a well-formed 
term, we must write Xxy.Wy o x, hence the level is 2. The only occurrence 
of X in the term Wz o o x has level 3. The simplest way to bind this 
occurrence and get a well-formed term is Xxyz.Wz o Wy o x. Subscripts of 
the symbols Wa are not considered as free occurrences. 

Definition 3.1. The symbols A,B range over infinite sequences of sets 

(^1,^2,^3, •••) € Sets'^ 



By ^ U ;B denote 

(^lUSl,^2U^2,^3U^3,...) 

In fact, we need only finite sets whose elements are variables. To each 
term L we assign an infinite sequence of sets 

FViL) = {FViiL),FV2iL),FVi{L),...) G Sets^ 

The variables from the set FVi(L) have free occurrences of level i in L. The 
set of free variables of L is IJj^i FVi{L). 

Definition 3.2. (Free variables of terms). By definition, put 
(0 Fy(a) = ({a},0,0,...) 
(ii) FV{MN) = FV{M) U FV{N) 
{Hi) FV{Xa.M) = Oxa{FV{M)) 
{iv) FV{soM) = Os{FV{M)), 



where 






(v) 


OxaiA) = 


= {{Al\{a})UA2,A3,Ai,...) 


(vi) 


Oid{A) = 


-A 


{viz) 


OwAA)- 


= (0,^1,^2,...) 


{via) 


Osoq{A) - 


= Os{Og{A)) 


{ix) 


0(s , N\a) 


{A) = Os{Oxa{A))UFV{N) 



16 



Corollary 3.3. 

FVi{Xa.M) = {FVi{M) \ {a}) U FV2{M) 
FVn+i{Xa.M) = FVn+2{M) (n ^ 1) 
FV(id oM) = FV{M) 

FVi{WaOM) =0 

FVn+liWa o M) = FVniM) (n ^ 1) 

FV{{s , N\a) o M) = Os{Oxa{FV{M))) U FV{N) 

Example 3.4. 

Fy(x) = ({x},0,0,...) 



Example 3.5. 
Example 3.6. 
Example 3.7. 
Example 3.8. 
Example 3.9. 
Example 3.10. 

Example 3.11. 

Example 3.12. 

Example 3.13. 



Fy(W^ox) = (0,{x},0,...) 
Fy(>V^ o Wj, o x) = (0, 0, {x}, 0, . . .) 
FF(A^.W^ o W^, o x) = (0, {x}, 0, . . .) 
Fy(Ayz.>V^ o Wj, o x) = {{x}, 0, 0, . . .) 
FF(Axy^.W^ o Wj, o X-) = (0, 0, 0, . . .) 

(W^ o o x)) = ({x}, 0, {x}, $,...) 

FV{\z.x {W, oWyO x)) = ({x}, {x}, 0, . . .) 

FV{Xyz.x {W, oWyO x)) = ({x}, 0, 0, . . .) 



FV{\xyz.x o Wy o x)) = (0, 0, 0, . . .) 

Warning! May be that a € Ui^i FVi{Xa.M). 
Example 3.14. o x) = (0, {x}, 0, 0, . . .) 

Example 3.15. FF(Ax.W^ o x) = ({x}, 0, 0, . . .) 

In fact, the term Ax.Wj; o x is a-equal to Xy.Wy o x. 
Lemma 3.16. {so q) o M and soqo M have the same FV . 
Proof. The proof is straightforward. 

Lemma 3.17. (s , N\a) o M and {s o Xa.M)N have the same 
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Proof. The proof is straightforward. □ 

Convention 3.18. Since Oyy^ and Oyv^ are the same for any a, 5, we will 
simply write Oy\>. 

Definition 3.19. A^Bis shorthand for C Bi for all i ^ 1." 

Lemma 3.20. Oxa and Oyv are monotone operators with respect to C (for 
any a). 

Proof. The proof is straightforward. □ 

Corollary 3.21. Og is monotone with respect to C for any s. 

Definition 3.22. We define XT.M as follows: 
Xnil.M = M 

AS,a.M = AS.(Aa.M), 

where nil is the empty context. For example, 

Ax, y, z.M = Xxyz.M 

Definition 3.23. (Free variables of judgements). By definition, put 
FV{r h M) = FV{Xr.M) 
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4. AW-CALCULUS 
Definition 4.1. We define HaIs) as follows: 
ilnil {s) = s 

^E,a (s) = (W„o^s(s), a\a), 
where nil is the empty context. For example, 



1[x,y,z (s) = (Wz o {Wy o (W^ o s , , , z\z) 

Note that ^E,a(s) =^a(ts(s)). 
Convention 4.2. 

ltA (s , N\a) is shorthand for Ha ((s , N\a)) 

Now we introduce several one-step reductions: two reductions with the 
same name defined on the sets of terms and substitutions, and the re- 
duction defined on the set of judgements of the form F h M. 

Definition 4.3. (The calculus AW). 
Ml M2 
Xa.Mi -> Xa.M2 



Ml M2 



MiN -j> M2N 



MNi MN2 



Si S2 



Ml ->■ M2 



si o M ^ S2 o M 



s o Ml ->■ s o M2 



Ni^N2 



{si , N\a) {S2 , N\a) 



{s , Ni\a) {s , N2\a) 



Sl S2 



qi q2 



Sl o q ^ S2 o q 



s o qi s o q2 



Ml M2 



F I- Ml F I- M2 
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(Beta) iXa.M)N {id , N\a) o M 

(Abs) s o Xa.M ^ \a.{yVa o s , a\a) o M 

(App) soMN ^ {soM){soN) 

{ConsVar) {s , N\a) o a -)■ iV 

{New) {s , N\a) ob^ sob {a^b) 

(IdVar) ido a ^ a 

[Clos) soqoM ^ {soq)oM 

{Ass) s o q o r {s o q) o r 

(IdR) s Old —7- s 

{IdShift) idoWa^ Wa 

{ConsShift) {s , N\a) oWa^s 

(Map) so {q, N\a) {soq, so N\a) 

(Wi) Waob^b {aj^b) 

{W2) {soWa)ob^ sob {aj^b) 

(ai) Xa.M Xb.{Wb , b\a) o M (*) 

(as) r,a,AhM^r,6,Ah^A(>V6, 6\a)oM (**) 



where the side conditions arc as foUows: 
(*) a e Uoi FViiXa.M); b i U^>l FV,{Xa.M) 
(**) aeUoi^^i(«'^^^); ^^\^^^xF^M.^^M) 

Recall that s o MN is shorthand for s o {MN). 

Note that (Abs) can be written as 
{Abs) s o Xa.M ^ Xa.iia{s) o M 

Definition 4.4. By —>■—>• denote the reflexive transitive closure of — >■. 
By denote the reflexive transitive closure of 

Lemma 4.5. 

If a^bi,...,a^bk, then {s , N\a , Ari\6i , . . . , Nk\bk) o a N. 
Proof. We use New (repeatedly), then we use ConsVar. □ 
Example 4.6. 

{id , N\x , L\y) o x 

{id , N\x) o X New 
— >■ N ConsVar 

Example 4.7. 

{id , N\x , L\y) o y 
— >■ L ConsVar 
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Example 4.8. 



Example 4.9. 



Example 4.10. 



Example 4.11. 



{id , N\x , L\y) o z 

— {id , N\x) o z New 

ido z New 

— >■ z IdVar 



{id , N\x , L\x) o x 

— >■ L ConsVar 



{id , N\x , L\x) oWxOX 

{{id , N\x , L\x) o Wx) o X Clos 

{id, N\x) ox ConsShift 

— > N ConsVar 



{Wx , N\y , L\y) o z 

{Wx , N\y) o z New 

Wx o z New 

^z Wi 



Example 4.12. 



{Wx , N\y , L\y) o X 

{Wx , N\y) o X New 
-^Wxox New 

where Wx o x is a normal form. 

Example 4.13. FV{Xx.Wx o x) = {{x}, 0, 0, . . .) 

Example 4.14. 

Xx.Wx o x 

-> Xy.{Wy,y\x)oWxOx ai 

\y.{{Wy , y\x) o Wx) o x Clos 
— >■ Xy.Wy o x ConsShift 
->■ Xy.x Wi 
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Example 4.15. 

{Xxy.x)y 

— >■ {id, y\x) o Xy.x Beta 
\y.(yVy o {id , y\x) , y\y) o x Abs 

— )■ Xy.{Wy o {id , y\x)) o x New 
Xy. {Wy Old, WyO y\x) o x Map 

— >■ Xy.Wy o y ConsVar 

^ Xz.{Wz, z\y) oWyoy ai 
Xz.{{Wz , z\y) o Wy) o y Clos 
Xz.Wz o y ConsShift 
Xz.y Wi 

Example 4.16. 

{Xxy.x) y 

— >■ {id , y\x) o Xy.x Beta 
-)• Xy.{Wy o {id , y\a;) , y\y) o x Abs 
— Xy.{Wy o id , o y\x , y\y) o x Map 
Xy.{Wy o id , o o x New 
—T' Ay.Wy o y ConsVar 
-> Az. (W^ , z\y) oWyoy ai 
-> Xz.{{Wz , z\y) o Wy) o y Clos 
— > Xz.Wz ° y ConsShift 
Xz.y Wi 

Example 4.17. FV{x h Wx o x) = FV{Xx.Wx o x) = {{x}, 0, 0, . . .) 

Example 4.18. 

x,x\-WxOx ->a2 a;, y I- {Wy , y\x) oWxOx 

Further, 

{Wy , y\x) oWxOx 

{{Wy , y\x) o Wx) o X Clos 
-^Wyox ConsShift 
-^x Wi 

X, X h Wx ° X 

x,y\- {Wy , y\x) oWxOx ol2 

y h ((Wy , y\x) o Wx) o x Clos 

x,y \- Wy o X ConsShift 

x,y \- X Wi 
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We see that 



Example 4.19. FV{Xxz.Wz o o x) = {{x}, 0, 0, . . .) 



Example 4.20. 



Xxxz.Wz o Wx ° X 

— )• Xxy.{Wy , 2/\2;) o Xz.Wz o Wx ox a\ 
-f Xxyz. -ftz (Wy , o Wz o Wx- o x 

EE Aa;y2:.(>Vz o {Wy , , z\z) oWz oWx o x Definitional] 

Xxyz.{{Wz o {Wy , y\x) , z\z) oWz) oWxO x Clos 

Xxyz.{Wz o {Wy , y\x)) oWxOX ConsShift 

Xxyz.{Wz oWy,WzO y\x) oWxOx Map 

^ Xxyz.{{WzoWy,Wzoy\x) oWx)ox Clos 

Xxyz.{Wz ° Wy) o X ConsShift 

Xxyz.Wz ox W2 

Xxyz.x Wi 



Example 4.21. FV{x,zh WzoWxOx) = FV{Xxz.WzoWxOx) = ({x}, 0, 0, . . .) 



Example 4.22. 



x,x,z \- Wz O Wx O X 

x,y,z\-i[z {Wy , y\x) oWz oWx o x 02 

= x,y,z\- {Wz o {Wy , y\x) , z\z) oWzO Wx o x Definition HTT] 

^ x,y,zh {{Wzo {Wy , y\x) , z\z) o Wz) oWxOx Clos 

x,y,z \- (Wz ° {Wy , y\x)) o Wx o x ConsShift 

x,y,z\- {Wz oWy,WzO y\x) oWxOx Map 

x,y,z\- {{Wz oWy,WzO y\x) o Wx) o x Clos 

x,y,z \- {Wz ° Wy) o X ConsShift 

x,y,z \- Wz o X W2 

x,y, z \- X Wi 
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Example 4.23. (Some redexes are underlined). 



{Xxyz.xz{yz)){Xxy.x) 

— > {id, Xxy.x\x) o \yz.xz{yz) Beta 

— > Ay. i\y{id, \xy.x\x) o \z.xz{yz) Ahs 

— > Xyz. 'f[y^z{id, Xxy.x\x) o xz{yz) Ahs 

\yz.{ -iiy^;,{id, Xxy.x\x) o xz ) {ityA'^d , Xxy.x\x) o yz) App 

— >— \yz.{\xy.x) z {"i^y^id , Xxy.x\x) o yz) App, Example 14.241 Example 14.251 

— 7>— )■ Xyz.{Xxy.x) z (yz) App, Example 14.261 Example 14.251 

Xyz.{{id , z\x) o Xy.x){yz) Beta 

— > Ay2;.(Ay.ltj^ (id , 2:\x) o x){yz) Ahs 

—^^Xyz.{Xy.z){yz) Example 14.271 

— > Xyz. {id, yz\y) oz Beta 

— > Xyz.id o z New 

— 7- Xyz.z IdVar 

Example 4.24. 



lTi/,^ (^c^ ; Xxy.x\x) O X 

= {WzO ity {id, Xxy.x\x) , y\y) o x Definition \^.l\ 

— > {Wz° lTj/ (ic^, Xxy.x\x)) o X A^ew 

= (Wz o {Wy o (id , Xxy.x\x) , y\y)) o x De finition 14.11 

— )• (Wz o o {id , Xxy.x\x) , Wz ° y\y) ° x Map 

— > (W2 o Wy o {id, Xxy.x\x)) o x New 

[Wz o {yVy o id , Wy o Xxy.x\x)) o x Map 

^ {Wz oWyoid, WzoWyO Xxy.x\x) o x Map 

— >■ Wz o Wy o Xxy.x ConsVar 

— Xxy.x because Xxy.x is closed 

Example 4.25. 



ily^z {id , Xxy.x\x) o z 

= (W^o 'fly {id, Xxy.x\x) , z\z) o z De finition 14.11 
^ z ConsVar 
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Example 4.26. 

i[y,z{id, \xy.x\x) oy 

= (WzO ily {id, Xxy.x\x) , z\z) o y Definition \^.l\ 

— > (W20 i^y {id , \xy.x\x)) o 2/ A^ew 

= (Wx o (Wy o (id , \xy.x\x) , y\y)) o y Definition \A.l\ 

— > (W2 o Wj; o (id , Xxy.x\x) , o o y Map 

— )• o y ConsVar 

-^y Wi 

Example 4.27. 

ffy (id , z\x) o x 

= (Wy o {id , z\x) , o x Definition 14.11 

(yVy o {id, z\x)) o X New 

(Wy o id , o o X Map 

Wy o z ConsVar 

^z Wi 
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5. Subject reduction 

Theorem 5.1 (Subject reduction, part one). 

//r h Ml is derivable and Mi — )■ M2, then T h M2 is derivable. 

// r h si > A is derivable and si — >■ S2, then F h S2 > A is derivable. 

Proof. The proof is straightforward, but tedious. 
Case Beta. {\a.M)N {id , N\a) o M 

r,a h M : 

r I- Xa.M Th N 
r h {Xa.M)N 

r\-id>r ThN : 

r \- {id, N\a)>r,a T,ahM 
Fh {id, N\a)oM 

Case ^6s. s o Xa.M ^ Xa.{Wa o s , a\a) o M 

: A,ahM 
r h s i> A Ah Xa.M 
T\- so Xa.M 

r,a\-Wa>T ri-s>A 

r,a\-WaOS>A T,a\- a ; 

T,a\- {WaO s , a\a)> A,a A,a\-M 
r, a h {Wa o s , a\a) o M 
r h Xa.{Wa OS, a\a) oM 

Case ai. Xa.M Xb.{Wb , b\a) o M (*) 

r, a h M 
r h Xa.M 
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T,bhWb>T r, 6 h 6 : 

r, 6 h (Wfe , b\a) >r,a T,ah M 
r, 5 h (Wb , b\a) o M 
r h A6.(>Vfe, b\a)oM 

And so on. Note that we do not use (*) in the proof of the case ai. □ 

Lemma 5.2. If T \- s o Xa.M is derivable, then T h Xa. f[~a (s) o M is 
derivable. 

Proof. Theorem 15.11 the case Abs. □ 

Lemma 5.3. // F h s o XA.M is derivable, then T h AA. fJ-A (s) o M is 
derivable. 

Proof. Recah that ffs^a (s) ^ffadts (s)). Now we can use Lemma [5.21 re- 
peatedly. □ 

Theorem 5.4 (Subject reduction, part two). 
Suppose 

r, a, A h M is derivable and 

r, a, A h M r, 6, A h it A {Wb , b\a) o M; 

r, 6, A h ftA (Wf, , 5\a) o M is derivable. 

Proof. By Generation lemma r,a, A h M is derivable iff F h Aa.AA.M 
is derivable. To conclude the proof, it is sufficient to prove the following 
lemma. □ 

Lemma 5.5. Suppose 

r h Aa.AA.M is derivable; then 

T h Xb.XA. ftA {Wb , b\a) o M is derivable. 

Proof. We use Theorem 15.11 (the case ai) and Lemma 15.31 □ 
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6. Two THEOREMS ABOUT NORMAL FORMS 

Definition 6.1. By aWa denote AW without Beta. 

Definition 6.2. By Wa,...a„ denote (. . . {{Wa, oWa,)o...)o Wa^ 

Theorem 6.3. Suppose F h si>A is derivable and s is a aWa-normal form 
(with respect to -^); then s has one of the following forms: 

(i) id 

{ii) Wai...a„ (n > 1) 

(m) {id, Ni\bi, ... , Nk\bk) (k^l) 

(iv) (Wai...a„ , Ni\bi , . . . , Nk\bk) (n ^ 1, A: ^ 1) 

Of course, the terms A'^i, . . . , are not arbitrary, they are aWa-normal 
forms (with respect to — >). 



Proof. The proof is by induction over the structure of s (see Definition I2.ip . 
The set of substitutions of the forms (i) — (iv) contains id and Wa for any 
a. This set is also closed under (— , N\b) for any N, b. To conclude the 
proof, it is sufficient to prove the following lemma. □ 

Lemma 6.4. IfT h soq[>A is derivable and both s, q belong to (i), (ii), (Hi), (iv), 
then s o q aWa-reduces to one of the forms (i), (ii), {Hi), {iv). 

Proof. Let us considered five cases. 

Case 1: 5 is id. 
s o id ^ s 

Case 2: s is id and q has the form yVci...cm- 

Case 3: s has the form Wai...a„ and q has the form Wci...c™,- 

(Wai...a„) O Wci...c„ Wai...a„ci...c™ 

Case 4: s has the form (r , Ni\bi , . . . , N)S\bk) and q has the form Wci...cmJ 
where r is id or Wai...a„- Hence, s o q has the form 
(r , iVi\fei , . . . , Nk\bk) o Y\lc^...c^ . By Generation lemma, b^ = ci, 
^k-i = C2, and so on (see Example 12. 23p . 

If A; = m, then 

(r , iVi\6i , . . . , Nk\bk) o Wci...c^ is the same as 
(r , iVi\6i , . . . , Nk\bk) o Wb,...fe, r 

If A; > m, then 

(r , iVi\6i , . . . , Nk\bk) o Wci...c™ is the same as 

(r , iVi\6i , . . . , Nk\bk)oWb^...b,_^^, (r , A^i\6i , . . . , Nk-m\bk-m) 
k < m, then 

(r , iVi\6i , . . . , Nk\bk) o Wc^...c^ is the same as 
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If r is id, this term reduces to Wcj.^i...cm- If r is Wai...a„, this term reduces 

to yVai...anCk+i...Cm- 

Case 5: q has the form (r , Ni\bi , . . . , Nj^\bk), where r is id or yVc^,,,cm- 
so {r, Ni\bi , ... , Nk\bk) {s o r , s o Ni\bi , ... , so Nk\bk) 
Then we use the previous cases to reduce s or. □ 

Note that we do not use Wi, W2, ai, 02 in this proof. 

Definition 6.5. A term M is called pure iff it does not contain sub-terms 
of the shape s o N. 

Theorem 6.6. If T h M is derivable and T \- M is a aWa-normal form 
(with respect to -^), then M is pure. 

Proof. Suppose M contain a sub-term of the shape s o N; then must 
be a variable (we denote it by 6), else we can apply Abs,App or Clos. 
The substitution s is a trVVa- normal form and must have the form Wai...a„ 
(see theorem 16. 3p . else we can apply IdVar,ConsVar or New. Further, 
an in (Wai...a„) ° b must coincide with b, else we can apply Wi or W2. 
We see that M must be constructed from variables and blocks of the form 
(y^ai...amb) ° t> (m. ^ 0) by using application and abstraction. To conclude 
the proof, it is sufficient to prove the following lemma. □ 

Lemma 6.7. If T \- M is derivable and M is constructed from variables 
and blocks of the form iyVai...amb) ° b (m ^ 0) 6y using application and 
abstraction, then M is pure (this means that M does not contain blocks) or 
we can apply ai or 02 to F h M. 

Proof. The proof is by induction over the structure of M. Let us consider 
four cases. 

Case 1: M is a variable. The proof is trivial. 

Case 2: M has the form (VVai...am,6) ° b. By Generation lemma, F h M has 
the form 

A , 6 , a™ , . . . , ai h {Wa^...a^b) « b 
and we can apply 02 , because 

FVib , a„ , . . . , ai h iWa,...a^b) o b) = {{b}, 0, 0, . . .) 

Case 3: M has the form Xa.N. By Generation lemma, F, a h A is deriv- 
able. Suppose N contains a block of the form (Wai...amb) ° b. By induction 
hypothesis, we can apply ai or 02 to F, a h N. But any application of qi 
or a2 to F, a h A corresponds to some application of ai or 02 (and, in some 
cases, Abs) to F h Xa.N. For example, 
F, a h A r, 6 h {Wb , b\a) o A 
corresponds to 

F h Xa.N -^a, F h Xb.{Wb , b\a) o A 



Case 4: M has the form AL. By Generation lemma, F h A^ and F h L 
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are derivable. Suppose one of these terms contains a block of the form 
{yVai...amb) ° b- For clarity, let it be A^. By induction hypothesis, we can 
apply oi or Q2 to F h A^. I claim that we can apply ai or a2 to F h NL. 
For the case ai is nothing to prove, because any ai-redex in occurs in 
NL too. For the case 02, suppose that F h NL has the form S, a, A h NL. 
Recall that FV{NL) = FV{N) U FV{L), hence FV{N) C FV{NL). By 
Lemma 13.201 

FV(a,A h N)) C Fy(a, A h NL). 

Hence if a G (j^^^ FVi {a, A h iV), then a G U^i -^^^(a' ^ ^ ^^)- If ^e can 
apply a2 to S, a, A h N , then we can apply Q2 to S, a, A h A^L. □ 

Warning! In general, the terms A'^i, . . . ,Nj. in the statement of Theo- 
rem [O] are not pure. For example, the judgement 
x,x\- {id , Wx o x\y) > x,x,y 
is derivable and the substitution 
{id , Wx o x\y) 
is a aWa-normal form. 
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7. Relation with Act 



Definition 7.1. The symbols U,V,W range over name-free terms and the 
symbols u, v, w range over name-free substitutions. The sets of name-free 
terms and name-free substitutions are defined inductively as follows: 

U,V ■.: = 1\ UV \ XU \uoU 
u,v :: = id \ W \ {u , V) \ u o V 

Definition 7.2. (The calculus Act in the new notation). 



XUi AC/2 

Ui ^ [72 Vi^ V2 



UiV U2V UVi UV2 

Ul -^U2 Ui ^ U2 



uioU ^U2oU uoUi ^ U0U2 
Ul -^U2 Vi^ V2 



{Ul , V) {U2 ,V) {u, Vl) ^ {u , V2) 
Ul — >■ n2 Vl V2 



Ul O V U2O V UO Vl UO V2 



{Beta) 


{\U)V ^ {id, V)oU 


(Abs) 


uoXU ^ X{Wou, l)oU 


{App) 


uoUV ^ {uoU){uoV) 


(ConsVar) 


{u,V)ol^V 


{IdVar) 


idol ^1 


{Clos) 


uovoV^{uov)oV 


{Ass) 


u V w ^ {uov)ow 


{MR) 


uo id u 


{IdShift) 


idoW 


{ConsShift) 


{u,V)oW^u 


{Map) 


u {v , V) ^ {u v , u V) 



Definition 7.3. By a denote Xa without Beta. 

By a{U) denote the o"-normal form of U (this normal form exists and is 
uniquely defined because a is strongly normalizing and confluent). 
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Definition 7.4. By definition, put 

n = ((...(>Vo>V)o...)oW)ol (n^l) 
" V ' 

n — 1 times 

We see that 1 = 1, 2 = >V o 1, and n + 1 = a{W o n). 

Definition 7.5. (r h M) =^ U is shorthand for "the name-free term U 

corresponds to the judgement T h M." 

(r h s > A) ^ II is shorthand for "the name-free substitution u corresponds 
to the judgement F h s i> A." 

Definition 7.6. (The rules of correspondence between judgements and 
name-free terms / substitutions) . 

(i) (r,aHa)^l 

(r\-a)^n 

(ii) — ^ (a b) 

(r,bh g) + 1 



{in) 
(iv) 
{v) 



{r\- M)^U (T\- N)^V 
(r h MN) ^ uv 



(r h Xa.M) =^ XU 

(r I- s > A) ^ u {Ah M)^U 



{r\-soM)^uoU 

{vi) {T\-id>T)^ id 

{vii) (r, a h Wa > r) ^ W 

{Vh s^A)^u {VhN)^V 



{via) 

{ix) 



(rh (s, 7V\a)>A,a) ^ {u, V) 
(ri-si>A)^u (AI-gi>S)^v 



{r\-soqt>Y^)^uov 
Example 7.7. 



Example 7.8. 



Example 7.9. 



{x \- x) =^ 1 

{x\- x) ^ 1 
{x,y\- x) ^yVol 

{x,y\-yVyt>x)^yV {x\- x) ^1 
{x,y \- Wy o x) ^ W o 1 
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Corollary 7.10. (F, a, 61, . . . , 6„ h a) =^ n + 1 if a bi, . . . ,a bn- 
Lemma 7.11. // (F h M) ^ [/, then T \- M is derivable. 

Proof. The proof is straightforward, see Definition 12.131 and Definition 17.61 

□ 

Definition 7.12. We write (F h M) ^{Ah N) iff 

(F h M) ^ [/ and 

(A h iV) =^ U, for some C/. 

Example 7.13. (x, y h x) i:; (x, y h o x) 

Definition 7.14. A name- free term U is called pure if it is constructed from 
the terms n by using application and abstraction. 

Lemma 7.15. // (F h M) =^ U and M is pure, then U is pure. If U is 
pure, then U is a a-normal form. 

Proof. Each pure term M is constructed from variables by using application 
and abstraction. □ 

Definition 7.16. By definition, put 
^ (s) = (Wos, 1) 

r(s) = n^(5))---) 

n times 

Lemma 7.17. For any nameless term U, 
a{{W, l)oU) = a{U) and 
C7(F(W, l)oU) = a{U) 

Proof. See [Ij, Lemma 3.6. □ 

T T 

Definition 7.18. By ~->-w and — denote (reflexive and transitive) reduc- 
tions in a calculus T (T may be AW, aWa, Xa or a). 



Theorem 7.19. Suppose 



FhM^^ShL; 



\- L is a aW a-normal form (with respect to ^-wj; 
(F h M) =^ U; 
(S h L) ^ V; 

then V is a a-normal form and U V . 

Proof. F h M is derivable by Lemma 17.111 S h L is derivable by Subject 
reduction. Therefore L is pure and ^ is a tr-normal form (Theorem 16.61 
Lemma EH]). Why U — f— )■ y? It is sufficient to prove that a{U) = (t{V) 
{U reduces to its a-normal form because a is strongly normalizing and con- 
fluent). The proof is by induction over the length of the reduction sequence 

F h M ^^X^ Ti \- L. If this length is equal to 0, there is nothing to prove. 
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Otherwise, suppose this sequence has the form 

rhM-w...~^AhiV-->ShL, 

where {A\- N)^W and a{U) = a{W). 

Any possible crWa-reduction step A h -w S h L, except New, Wi, W2, ai, 
and 02 corresponds to the same name cj-reduction step of the nameless terms 
W ^ V, hence a{W) = cr{V) in these cases. For ai and 02 use Lemma f?. 171 
(CaseWi.) Waob^b (a ^ b) 

T,ahWa>r T\-b ri-b 
r, a h Wa o 6 r, a h 6 

Suppose 

(r h 6) ^ n; 

then 

(r, a h Wa o 6) ^ W o n and 

(r, a\-b)^ n + 1 . 

We see that a{W on) = a{ n + 1 ). 

(CaseW2.) (soWa)o6^so6 (a / 5) 

Ahsi>r,a r,ah>Vaor : ■ ri-b 

AhsoWaOr rh6 Ahsor,a r,ahb 

Ah(soWa)o6 Ahso6 

Suppose 

(A h s > r, a) =^ n; 
(r h 6) =^ n; 
then 

(A h (s o Wa) o 6) ^ (u o W) o n; 
(r, a h 6) ^ n + 1 ; 
{Ah sob) ^ uo n+1 . 
We see that 

cr((n o VV) 011)= cr(n o n+1 ) 

(Case New.) {s , N\a) ob^ sob {a ^ b) 

A h sor A h iV r h 5 

A h (s, A\a) >r,a r,ah6 
A h (s , A\a) o 6 

Suppose 

{A\- s>T) ^ u; 
{Ah N)^ V; 
(r h 6) =^ n; 
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Ahsor ri-b 

A\- sob 



then 

(r, a h 6) =^ n + 1 ; 

{Ah {s, N\a) ob)^ {u,V)o n + 1 ; 
(A h s o 6) =^ u o n. 
We see that 

a{{u, V) o n + 1 ) =a{{u, V)oWon) =a{uon). □ 

Theorem 7.20. aWa is strongly normalizing (on the sets of terms, substi- 
tutions, and judgements of the form T \- M). 

Proof. The proof is postponed until Section [TUl □ 
Definition 7.21. (One-step /3-reduction on the set of pure name-free terms). 

(U is pure) 

U a{V) 

(the compatible closure, of course). 

Lemma 7.22. IfU -^Beta V, then a{U) — >^ <7(y), where — >^ is the reflexive 
closure of 

Proof. See p], Lemma 3.5. □ 

Theorem 7.23. Suppose 
r h M S h L; 
(r h M) ^ U; 
(E h L) ^ V; 

then a{U) 4^ a{V). 

Proof. The proof is by induction over the length of the reduction sequence 

r h M S h L. If this length is equal to 0, there is nothing to prove. 

Otherwise, suppose this sequence has the form 
rhM-w...~^AhiV--^ShL, 

where {Ah N)^W and a{U) 4% a{W). 

If the reduction step A \- N T, \- L belongs to aWa, everything is all 
right, because a{W) = (7{V) in this case. Indeed, L h M is derivable by 
Lemma 17.111 A h and S h L are derivable by Subject reduction. Take 
any ciWa-normal form of S h L (this normal form exists by Theorem 17.201 
and are derivable too) and use Theorem [US] to get W a{V). 
If A h -^Beta S H L, then W -^Beta V, because any Beta-redex 
in corresponds to some i?eta-redex in W, hence a{W) cr(y) by 
Lemma [7221 □ 

Theorem 7.24. Suppose 
(r h M) U; 
U 4^-^ V; 
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then there is T, \- L such that 
r h M S h L; 

T, \- L is a aWa-normal form (with respect to S^^jj 
Proof. The proof is by induction over the length of the reduction sequence 

u4u V. 

Case 1: If this length is equal to 0, take any aWa-normal form of F h M as 
S h L and use Theorem 17.191 

Case 2: Suppose this sequence has the form U . . . ^ W ^ V and the 
sequence U ^ . . . ^ W satisfies the statement of the theorem, i.e.: 

r h M A h for some A h A^, where A h is a (rWa- normal form 
and (A h TV) =^ a{W). 

If the reduction step W ^ V belongs to o", everything is all right, because 
a(W) = cr{V) in this case and we can use A h as S h L. 

If W ^Beta V, then a{W) a{V) by Lemma ESS If (t{W) coincides 
with aiy), everything is all right. Otherwise, suppose aiW) — t-^ cr(^) has 

the form a{W) -^Beta W -^-^ (^i^)- Any Seta-redex in a{W) corresponds 
to some i?eta-redex in A^. Contracting this redex in A'^, we obtain 
A h A^ -^Beta A h A^' and (A h A^') ^ W, for some A^'. Take any aWa- 
normal form of A h A"' as E l- L, then use Theorem 17.191 to obtain 
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8. a-EQUIVALENCE 

Definition 8.1. Only in this section, we use tiie following notation: the 
symbols U, V, W range over extended name- free terms and the symbols u,v,w 
range over extended nam,e-free substitutions. The sets of extended name-free 
terms and extended name-free substitutions are defined inductively as fol- 
lows: 

U,V ::=n\UV\XU\uoU 
u,v :: = id \ yV \ {u , V) \ uov 

{n e N,n^ 1) 

Example 8.2. AA2(W o 1) is an extended nameless term. 

Definition 8.3. An extended nameless term U is called pure iff it does not 
contain sub-terms of the form uoU. 



It is clear that any pure term is constructed from the symbols n by using 
application and abstraction. 

Definition 8.4. A name-free judgement is an expression of the form m\- U 
or of the form m\- u, where m E N,m ^ 0. 

Informally, m is "the length of an invisible context" . 

Definition 8.5. (F h M) ^ {m h U) is shorthand for "the name-free 

judgement m\- U corresponds to the judgement T h M." 

(r h s A) =^ [m h u) is shorthand for "the name-free judgement m \- u 

corresponds to the judgement F h s t> A." 

Definition 8.6. By |r| denote the length of F. 
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Definition 8.7. (The rules of correspondence between judgements and 
name-free judgements). 

i) (r,aha)^ (|r,a| hi) 

(rha)^(|r|hn) 

ii) la 7^ 0) 

(r,bha) (|r,6| h n + 1) 



in) 



IV] 



v) 



(r h M) ^ (|r| h [/) (r h AT) ^ (|ri h y) 

(r h MN) =^ (|r| h uv) 
(r,a h M) ^ (|r,o| h u) 
(r h Aa.M) ^ (|r| h AC/) 
(rhs>A) ^ (|r| htx) (A h M) ^ (|A| h [/) 



(rhsoM) ^ (|r| htxoc/) 
ot) (rhi(i>r) ^ (iri hid) 

vii) (r,a h Wa>r) ^ (|r,a| h W) 

(r h s> A) ^ (|r| h 7i) (r h AT) ^ ([r[ h y) 

{Th {s, N\a)>A,a)^ {\T\h {u,V)) 
(rhs>A) ^ (|r| hw) (A h g>S) ^ (|A| hv) 

(r h sogi>s) ^ ([r[ h not;) 

Corollary 8.8. // (F h M) ^ (m h U), then m = |r|. 
// (r h s l> A) =^ (m h u), then m = |r|. 

Example 8.9. 

(x h x) ^ (1 h 1) 

Example 8.10. 

(x h x) ^ (1 h 1) 



ix) 



ix,yhx) ^ (2h2) 

Example 8.11. 

(x, y\-Wy>x)^{2\-W) (x h x) ^ (1 h 1) 
{x,yhWyOx) =^ (2h Wol) 

Definition 8.12. (a-equivalence) . 

We say that F h M is a- equal to A h iV and write 

(r h M) =a (A h N) iff 

(r h M) ^ (m h U) and 

(A h iV) ^ (m h [/), for some m, U. 

Example 8.13. 

(x,y h Wj^ox) (2h Wol) 
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h ox) ^ (2 h Wo 1) 
(x, y h Wy o x) =a (x, X h Wx o x) 

Example 8.14. 

(x h Ay.Wy o x) ^ (1 h AW o 1) 
[x h Ax.Wx. o x) ^ (1 h AW o 1) 
(x h Ay.Wy o x) =ct {x h Ax.Wx o x) 

Example 8.15. 

(h Ax.Ay.Wj^ o x) ^ (0 h AAW o 1) 
(h Ax.Ax.W^ o x) ^ (0 h AAW o 1) 
(h Ax.Ay.Wj; o x) =a {y~ Ax.Ax.Wx o x) 

Warning! We can apply Wi to the term Ax.Ay.W^ o x, but not to the 
term Ax.Ax.W^^ o x (and we can apply ai to the term Ax.Ax.W^ o x, but not 
to the term Xx.Xy.Wy o x). 

Example 8.16. 

(x, y \- x) )^ {x,y \- Wy o x) 

(x, 2/ H x) 7/ h Wy o x) 

Lemma 8.17. // (F h M) ^ (m h ^7), then T ^ M is derivable. 

Proof. The proof is straightforward, see Definition 12.131 and Definition 18.71 

□ 

Corollary 8.18. // (F h M) (A h iV), then T h M and A h N are 

derivable. 
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9. Confluence 



Lemma 9.1. 

Suppose (r h M) =a (A h iV); then {T h M) ^{Ah N). 

Suppose (r h M) i:^! (A h A^), where \T\ = [A| and 5oi/i M and N are pure; 

then (r h M) (A h iV). 

Proof. The proof of the first part is straightforward, see Definition 17.61 and 
Definition 18.71 To prove the second part, recall that each pure term is con- 
structed from variables by using application and abstraction. This prevents 
such counterexamples as Example 18.161 □ 

Theorem 9.2 (frWa is confluent). Suppose 
(Ti h Ml) (Fa h M2); 
Ti h Ml ^ Ai h iVi; 

r2 \~ M2 A2 1~ 

then there are Si h Li and S2 H L2 such that 
Ai h iVi ™ Si h Li; 
A2 l~ A'2 S2 ^ L2; 
(SihLi)^, (S2hL2). 

Proo/. By Lemma [931 we have (Li h Mi) i:2 (r2 h M2). 
Suppose (Fi h Ml) =S> [/ and (r2 h M2) ^ ?7. 

Let Si h Li be any crWa-normal form of Ai h A^i and let S2 l~ L2 be any 
crWa-normal form of A2 l~ A'^2- By Theorem 17. 191 we have 
(Si h Li) ^ a{U) and (S2 h L2) ^ cj(C/), hence 

(Si h Li) (S2 l- L2). Note that Li and L2 are pure (Theorem 16. 6p . Note 
that |Si| = IS2I = iLiI = |r2| (because all reductions preserve lengths of 
contexts). By Lemma |9. 11 we have 

(SihLi)=„(S2hL2). □ 
Theorem 9.3 (AW is confluent). Suppose 

(Fi h Ml) (F2 h M2); 

Fi h Ml ™ Ai h A^i; 

F2 h M2 ™ A2 h Af2; 

then there are Si h Li and S2 H -L2 such that 
Ai h iVi ™ Si h Li; 

A2 1~ A'2 S2 1~ -/^2; 

(SihLi)^, (S2hL2). 

Proof. By Lemma EH we have (Fi h Mi) ^ (F2 h M2). 
Suppose (Fi h Ml) =^ U; (F2 h M2) ^ C/; 
(Ai h iVi) ^ Fi; and (A2 h iV2) =S> V2. 

By Theorem [7231 we have a{U) 4'^ a{Vi) and cj([/) 4^ (7(^2)- 

We know that Act is confluent, hence cr{Vi) V and ct(V2) > V for 
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some V. Therefore Vi V and V2 V. By Theorem 17.241 we have 
Si h Li and S2 \~ L2 such that 
Ai h iVi ™ Si h Li; 

A2 l~ A'2 S2 H L2; 

51 h Li is a dWa-normal form; 

52 h L2 is a fjWa-normal form; 
(Si h Vi) ^ a{V); 

(S2 h V2) a{V). 

Hence (Si h Li) (S2 \~ L2). Note that Li and L2 are pure (Theorem 16. 6p . 
Note that |Si| = IS2I = |ri| = |r2| (because aU reductions preserve lengths 
of contexts). By Lemma |9.H we have 

(Si h Li) (S2 h L2). □ 
Definition 9.4. By AW denote the set of derivable judgements of the form 

r h M. 

We see that -wi^ and are confluent (up to =a) on the set AW. 
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10. aWa IS STRONGLY NORMALIZING 

Definition 10.1. AQB is shorthand for "A ^ [jj^i^j for ah z ^ 1". 

Example 10.2. ({y}, 0, 0, . . .) C (0, {y}, 0, 0, . . .) 

Note that ACB imphes AQB. 

Lemma 10.3. 0\a and Ovv o'^e monotone operators with respect to C (/or 
an|/ a). 

Proof. The proof is straightforward. □ 

Lemma 10.4. AUB is monotone in both arguments with respect to Q. 

Proof. The proof is straightforward. □ 

Corollary 10.5. Os is monotone with respect to C for any s. 

Recall that Os is also monotone with respect to C for any s. 

Lemma 10.6. If Mi M2, then FV{M2) E FV{Mi). If si 82, then 
E Os^{A) for any A. 

Proof. The proof is straightforward, but tedious. For example, consider 
(Abs) s o Xa.M \a.{Wa ° s , a\a) o M 
FV{Xa.{WaOs, a\a)oM) 

= FV{Xa.{{Wa o s) o Xa.M)a) {Lemma KT7}i 

= FV{Xa.{Wa oso Xa.M)a) {Lemma [XT6D 

= Oxa{Ov^{FV{s o Xa.M)) U FV{a)) 

= Oxa{{{a}, FVi{s o Xa.M), FV2{s o Xa.M), . . .)) 

= FV{s o Xa.M) 

(App) soMN {soM){soN) 

FV{s o MN) 

= Os{FV{MN)) 

= Os{FV{M)UFV{N)) 

D Os{FV{M))[JOs{FV{N)) 

= FV{s o M) U FV{s o N) 

= FV{{soM){soN)) 

(ConsVar) (s , N\a) o a N 

FV{{s, N\a)oa) 

= 0^s,N\a){FV{a)) 

= Os{Oxa{FV{a)))UFV{N) 

D FV{N) 

(New) (s , N\a) ob-^ sob {a ^ b) 
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FV{{s, N\a)ob) 

= 0(,,^\„)(Fy(6)) 

= OsiOxaiFVib)))UFV{N) 

2 0,{Oxa{FV{b))) 

= a(OAa((W,0,0,-.-)) 
= O,((W,0,0,...)) 

= OsiFV{b)) 
= FV{s o b) 

(ConsShift) (s , N\a) oWa^s 
(A) 

= Os{Oxa{Ow{A)))UFV{N) 

D Os{Oxa{OM^))) 

= Os{OxamAl,A2,...)) 

= Os{{Ai,A2,...)) 

= OM) 

(Map) so {q, N\a) {s o q , s o N\a) 

Oso{q,N\a) 

= OsiO{g^N\a){A)) 

= Os{Og{Oxa{A))UFV{N)) 
^OsiOgiOxaiA)))uOsiFViN)) 
= Oso,iOxa{A))[JFV{soN) 

= Ol^soq , soN\a) i-^) 

(Wi) Waob^b (a^b) 

FV{Wa O b) 

= (0,W,0,0,...) 

□ ({6}, 0,0,...) 
= FV{b) 

(W2) {soWa)ob^ sob {a^b) 

FV{{soWa)ob) 
= Os{Oyv{FV{b))) 
= O,((0,W,0,0,...)) 

□ O,(({6},0,0,...)) 
= FV{s o b) 

(ai) Xa.M Xb.{Wb , b\a) o M (*) 
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FV{Xb.{Wb, b\a)oM) 

= FV{Xb.{Wb o Xa.M)b) (Lemma EHI) 

= Oxi{Ow{FV{Xa.M)) [j FV{b)) 

= 0Mb}. FVi iXa.M),FV2{Xa.M), . . .)) 

= FV{Xa.M) 

In addition, it is necessary to prove that all operations from Definition 12.11 
are in some sense monotone, but this is not difficult. □ 

Corollary 10.7. FV{s o Xa.M) = FV{Xa.ta (s) o M) 

Corollary 10.8. FV{s o XA.M) = FV{XA.i[A (s) ° M) 

Corollary 10.9. If M ^ N, then Ui>i^K(iV) ^ U^i^^^W- 

To prove that aWa is strongly normalizing, we consider the following 
two-sorted term rewriting system R. 

Definition 10.10. The signature of R contains: 

M, N,L, . . . variables; 

s,q,r, . . . variables; 

x,y,z, . . . constants; 

id,Wx,y^y,Wz, ■ ■ ■ constants; 

Ax, Ay, Xz, . . . functional symbols of arity one; 

Ax, Ay, Xz, . . . functional symbols of arity one; 

• , o functional symbols of arity two; 

(— , —\x), (— , —\y), {— , — \^;), • • • functional symbols of arity two. 

We will omit ■, which denotes application. The sets of ground terms and 
ground substitutions of R are defined inductively as follows: 

M,N :: = a \ MN \ Xa.M \ Xa.M \ soM 

s, q :: = id \ Wa \ {s , N\a) \ s o q 

We will use the same abbreviations as in Convention 12.21 and Conven- 
tion! 
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Definition 10.11. (The rewriting system R). 



(Absl) s o Xa.M ^ \a.{Wa o s , a\a) o M 

{Abs2) s o Xa.M ^ Xa.{Wa o s , a\a) o M 

{Abs3) s o Xa.M ^ Xa.CWaO s , a\a) o M 

{Abs4) so Xa.M Xa.{WaO s , a\a) o M 

(App) soMN ^ {soM){soN) 

{ConsVar) {s , N\a) oa^ N 

(New) {s , N\a) ob^ sob [a^b) 

(IdVar) ido a ^ a 

iClos) soqoM-^{soq)oM 

(Ass) sogor— )-(sog)or 

(MR) s o id ^ s 

(IdShift) idoWa^ Wa 

(ConsShift) {s , N\a) oWa^s 

(Map) s o {q, N\a) {s o q , s o N\a) 

(Wi) Waob^b {a^b) 

{W2) {soWa)ob^ sob (a / 6) 

(a) Xa.M Xb. {Wb , b\a) o M 

(0 Aa.M ^ Xa.M 



Definition 10.12. To each term M we assign FV{M) as in Definition 112. II 
with the additional case: 
FV{Xa.M) = FV{Xa.M) = Oxa{FV{M)) 

Lemma 10.13. If Mi 4 M2, then FV{M2) Q FV{Mi). 

Proof. See Lemma llO. 61 □ 

Lemma 10.14. The restriction (*) in Definition \4.3\ can be written as 
(*) a e Uoi FViiXa.M); b i U^i FVi(Xb.{Wb , b\a) o M) 

Proof FV{Xb.{Wb , b\a) o M) = FV{Xa.M) by Lemma [106] (the case ai). 

□ 

Definition 10.15. By M* denote the term M in which all sub-terms of the 
shape Xa.L, such that a G U^i -^^(-^o--^)) are replaced by Xa.L. 

Theorem 10.16. If R is strongly normalizing on the sets of ground terms 
and ground substitutions, then aWa is strongly normalizing ( on the sets of 
terms, substitutions, and judgements of the form T \- M). 

Proof. Suppose we have some infinite crWa-sequence 

Mi^ M2^ ...^ Mn^ ... 
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I claim that we can get some infinite i?-sequence 

The proof is by induction over n. If n is equal to 1, there is nothing to prove. 
Else there are three cases. 

1) If the reduction step M„ — > Mn+i is not Abs, ai, 02, we can apply the 
i?-reduction of the same name (-/Vf„)* — )• (M„_|_i)*, but then might need sev- 
eral ^-steps, because ConsVar, New,ConsShift,Wi,W2 can decrease FV. 
If any of these reductions is applied under some black lambda, this lambda 
may turn pale. See Example 110. 17[ 

2) If M„ -^ai ^n+i, we can apply a: 

(Mn)* -^a {Mn+iY (see Lemma and Example HHH]) . 

3) If Mn -^Abs Mn+1 and the A6s-redex is s o Xa.M, there are four possible 
subcases: 

Subcase I. a ^ FViiXa.M), a ^ FViiXa.{Wa o s , a\a) o M); 

Subcase2. a G FVi{\a.M), a G FVi{\a.{Wa o s , a\a) o M); 

Subcases, a ^ FVi{Xa.M), a G FVi{Xa.{Wa o s , a\a) o M); 

Subcase 4. a G FVi(Aa.M), a ^ FVi{Xa.{Wa o s , a\a) o M); 
and we can apply Absi, Abs2, Abs^, and Abs^, respectively. See Exam- 
ples [TaT9i \wm [Tani and [10:221 

The proof is similar for substitutions. For judgements, suppose we have 
some infinite crWa-sequence 

El h Ml r2 h M2 Ts h M3 -w . . . 

We can obtain the uWa-sequence of terms 

AFi.Mi -^^ AE2.M2 -^^ AE3.M3 . . . 

where a2-steps are replaced by ai and Abs. □ 

Example 10.17. The crWa-sequence 

Xx.{id , Wx o x\x) o y — > TVeio Xx.ido y ^ . . . 

becomes the following /^-sequence 

Xx.{id , Wx ° x\x) o y — )• TVew) Xx.id o y — Xx.ido y ^ . . . 

Example 10.18. The crWa-sequence 

Xx.Wx o X -^ai ^y-{y^y , y\x) o Wa; o X . . . 

becomes the following /^-sequence 

Xx.Wx OX^a >yy-{y^y , y\x) o Wx o X ^ . . . 

Example 10.19. The uWa-sequence 

ido Xx.x -^Abs Ax. (Wa; o id , x\x) o x ^ . . . 
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becomes the following i?-sequence 

id o Xx.x -^Absi Ax.(Wx o id , x\x) o x — >■ . . . 
Example 10.20. The crWa-sequence 

id o Xx.Wx o X -^Abs ^x.{Wx ° id , x\x) o Wx ox—)-... 
becomes the following i?-sequence 

id o Xx.Wx ° X -^Abs2 ^x-CWx ° id , x\x) o Wx ox—)-... 
Example 10.21. The irVVa-sequence 

{id, x\y) o Ax.x -^Abs Ax.(Wa; o {id, x\y) , x\x) ox—)... 
becomes the following i?-sequence 

{id , x\y) o Ax.x -^Abs3 ^x.{Wx ° {id , x\y) , x\x) ox—)... 
Example 10.22. The crWa-sequence 

{id , Xy.y\x) o Xx.Wx ox -^Abs Ax. (W^ o {id , Xy.y\x) , x\x) oWxOx ^ . . . 
becomes the following /^-sequence 

{id, Xy.y\x)o Xx.Wx ox ^Abs4, \x.{Wxo{id, Xy.y\x) , x\x)oWxOX . . . 

To prove that R is strongly normalizing on the sets of ground terms and 
ground substitutions, we use the method of semantic labelling. See [6j. 

Definition 10.23. To each term M and each substitution s we put in 
correspondence natural numbers \M\ and \s\ respectively defined as follows: 

\Xa.M\ = \M\ + l 

\Xa.M\ = \M\ + 1 

\s o M\ = \s\ + \M\ 
\s o q\ = |s| + \q\ 
\MN\ = max{\M\,\N\) 
\{s, N\a)\ = max{\.s\, \N\) 
\id\ = 

|Wa| =0 

\a\ = 

Note that any functional symbol of R now turns to some monotone func- 
tion of N to N or of N X N to N. Consider the following two-sorted term 
rewriting system Q. 
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Definition 10.24. The signature of Q contains: 
M, N,L, . . . variables; 
s,q,r, . . . variables; 
x,y,z, . . . constants; 
id, Wx , , Wz , ■ ■ ■ constants ; 

Ax, Xy, Xz, . . . functional symbols of arity one; 

AjX, Xiy, XiZ, . . . functional symbols of arity one; 

■ , Oj functional symbols of arity two; 

(— , —\x), {— , — (— , —\z), . . . functional symbols of arity two; 
where i G N, i ^ 0. 

We will omit •, which denotes application. The sets of ground terms and 
ground substitutions of Q are defined inductively as follows: 

M,N :: = a \ MN \ Xa.M \ Xia.M | s Oj M 

s,q = id\ Wa | (s , N\a) \ s q 



We will use the same abbreviations as in Convention 12.21 and Conven- 
tion! 
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Definition 10.25. (The rewriting system Q). 



(Absl) s Oj+i Xa.M Xa.{Wa Ofc s , a\a) Oj M {i ^ k) 

{Ahs2) s Oj_|_i Aj+ia.M — > Aj+ia.(Wa o^. s , a\a) Oj M (i = j + fc) 

(^6s3) s Oj+i Xa.M Ai+ia.(Wa Oj^. s , a\a) Oj M (i ^ A:) 

{Ahs^) s Oj+i Aj+ia.M ^ Aa.(>Va oj. s , a\a) Oj M = j + A;) 

(App) s Oj MN {s Oj M){s Ofe AT) {i ^ k) 

{ConsVar) {s , N\a) Oj a ^ AT 

(New) {s , N\a) o^b^ sojb {ay^b,i^ j) 

(IdVar) id oq a ^ a 

(Clos) s Oj+j+fc q Oj+fc M (s Oj+j g) Oj+j+fc M 

(Ass) s Oj+j+fc g Oj_j.fc r ^ {s Oj+j Oj+j+fc r 

(IdR) s Oj id — )■ s 

(IdShift) id oo Wa ^ >V„ 
{ConsShift) {s , N\a) Oj Wa ^ s 

(Map) s Oj , N\a) {s oj q , s N\a) {i ^ k) 

(Wi) W„ Oo 6 ^ 6 (a 7^ 6) 

(W2) (s Oj Wa) Oj 6 ^ s Oj 6 {a^b) 

(a) Aj+ia.M ^ A?).(W6 , b\a) Oj M 

(0 Aj+ia.M Xa.M 

{Decri) Xia.M Xja.M (i > j) 

{Decr2) s Oi M ^ s Oj M {i > j) 

{Decrs) s o^ q ^ s Oj q {i > j) 



where i,j,k G N. (Roughly, these are the rewrite rules of R, where o and 
Aa are labelled by theirs own values). 
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Theorem 10.26. Q is strongly normalizing on the sets of ground terms and 
ground substitutions. 

Proof. By choosing the well-founded precedence 



Oj > Xa 

Oj > • 

°i> {-, -\a) 

Oi > Wa 

Oj > a 
AjC > Xb 
AjC > (— , — \a 
\a > Wb 
AjC > b 
AjC > XjO 

Oj > Oj 

termination is easily proved by the lexicographic path order. □ 

Theorem 10.27. R is strongly normalizing on the sets of ground terms and 
ground substitutions. 

Proof. For any infinite -R-sequence 

Ml ^ M2 Ms ^ . . . 

we can get some infinite Q-sequence simply by labelling all symbols o and 
Xa by theirs own values. See [6], Theorem 81 for details (see also [6], Ex- 
ample 33). The proof is similar for substitutions. □ 



for 


all i, 


a; 


for 


all i, 




for 


all i; 




for 


all i, 


a; 


for 


all i, 


a; 


for 


all i, 


a; 


for 


all i, 


a,b; 


for 


all i, 


a; 


for 


all i, 


a,b] 


for 


all i, 


a,b; 


for 


i > J 


; 


for 


i > J 


? 
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11. Post canonical system for terms and substitutions 



In this section we consider some Post canonical system building the sets 
of terms and substitutions. The alphabet of the system contains: 

a; I y I z I A I . I o I id I W I (I , I) I (I) symbols 
Term \ Subst \ Var \ App \ Abs \ Clos \ Cons \ Camp \ list \ List symbols 
a\b\M\N\s\q\G variables 

Term M means that M is a term. Subst s means that s is a substitution. 
Var a means that a is a variable. App M means that M is a term of the form 
M1M2 ■ ■ ■ Mn, where n ^ 2. Abs M means that M is a term of the form 
Aai . . . an-N, where n ^ 1. Clos M means that M is a term of the form soN. 
Cons s means that s is a substitution of the form {q , Ni\ai, . . . , Nn\an), 
where n ^ 1. Camp s means that s is a substitution of the form S1OS20. . .os„, 
where n ^ 2. We will write Wa instead of Wa. 



The general rules: 
Var a App M 



Term a 
Subst id 



TermM 
Var a 



AbsM 
TermM 

Cons s 



Clos M 
TermM 

Comp s 



SubstWa Subst s Subst s 



For simplicity, we will use only x,y,z. 



Var X Var y Var z 



The following rules build terms of the form 
ab, a{NiN2...Nk), a(Aai . . . a^.iV), a{s o N) 



Var (I Vnr b 

Appab 
Var a App N 

Appa{N) 
Var (I Ahs N 

Appa{N) 
Var Clos N 

Appa{N) 
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The following rules build terms of the forms 
MiM2...M„a, MiM2...Mn{NiN2...Nk), M1M2 . . . M„(Aai . . . a^.TV), 
and M1M2 . . . Mn{s o N) 

App M Var a 

App Ma 
App M App N 

AppM{N) 
AppM AbsN 

AppM{N) 
AppM ClosN 
AppM{N) 

The following rules build terms of the forms 
(Aai . . . an-M) a, (Aai . . . an.M){NiN2 . . . N^), (Aai . . . an.M){\bi . . . bk-N), 
and (Aai ■ ■ ■ an.M){s o A^^) 

Abs M Var a 

App {M)a 
Abs M App N 

App{M){N) 
Abs M Abs N 

App{M){N) 
Abs M Clos N 

App{M){N) 

The following rules build terms of the forms 
(soM)a, {soM){NxN2...Nk), {s o M){Xai . . . ak.N), {soM){qoN) 

Clos M Var a 

App {M)a 
Clos M App N 

App{M){N) 
Clos M Abs N 

App{M){N) 
ClosM ClosN 

App{M){N) 
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The following rules build lists of variables: 



Vara listG Vara 
list a listGa 

The following rules build terms of the forms 
Aai . . . a„.a, Aai . . . a„.MiM2 . . . M^, Aai . . . a^.s o M 

list G Vor a 

Abs XG.a 
list G App M 

Abs XG.M 
list G Glos M 

Abs XG.M 

The following rules build terms of the forms 
idoM, WaoM, {s, Ni\ai,...,Nn\an) oM, (si o S2 o . . . o s„) o M 

TermM 

Glos idoM 
Var a Term M 

GlosWaoM 
Gonss TermM 

Glos soM 
G omp s Term M 

Glos (s) o M 

The following rules build lists of the form 
N{\ai , ... , Nn\an 

TermN Vara ListG TermN Vara 
List N\a List G , N\a 

The following rules build substitutions of the forms 
{id , iVi\ai, . . . , Nn\an), {Wa , Ni\ai, A^„\a„), 
and (si o S2 o . . . o Sfc , Ni\ai, iV„\an) 

ListG 
Gons {id, G) 
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Var a List G 



Cons {Wa , G) 
Comps ListG 
Cons {s , G) 

The following rules build substitutions of the forms 
id o id, Wa o id, {s , Ni\ai, . . . , iV„\a„) o id, {si o S2 o . . . o s„) o id 

Compid o id 

Var a 

CompWa o id 
Cons s 

Comps o id 

Comps 
Comp (s) o id 

The following rules build substitutions of the forms 

idoWa, WboWa, {s, Nx\ai,...,Nn\an)oWa, {siOS20...0Sn)oWa 

Var a 
Compid o Wa 
Var b Var a 

Comp Wb o Wa 
Conss Vara 

Comp s o Wa 
Comps Vara 

Comp (s) o Wa 

The following rules build substitutions of the forms 
ido{q, Mi\bi, Mk\bk), Wao{q, Mi\5i, . . . , Mk\bk), 
{s , Ni\ai, Nn\an) o {q , Mi\bi, Mk\bk), 
and (si o S2 o . . . o s„) o , Mi\6i, . . . , Mk\bk) 

Cons q 
Compid o q 
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Var a Cons q 
Comp Wq o q 
Conss Consq 

Comp s o q 
Comps Consq 
Comp (s) o q 

The following rules build substitutions of the forms 
idoqioq20 ...oqk, Wa o qi o q2 o . . . o q^, 
{s , A^i\ai, . . . , Nn\an) o qio q^o . . . o qu, 
and {sio S20 . . .0 Sn) o qio q20 . . .0 qk 

Compq 
Comp id o q 
Vara Compq 

CompWa o q 
Conss Compq 

Comp s o q 
Comps Compq 
Comp (s) o q 
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12. Notes 

(1) We can accept Abs in the stronger form 

s o Xa.M Xb.{Wb o s , b\a) o M (a, b are arbitrary) 

All results of this article remain true. We can also add the following rewrite 
rules 

idoM ^ M 

id o s ^ s 
All results of this article remain true. 

(2) It is easy to add some a2-like reduction for substitutions, but that 
little benefit, because the analogue of Lemma 17.171 is false for substitutions. 

(3) It is easy to give the following definitions: 

Definition 12.1. (Free variables of substitutions) . By definition, put 

(i) (id) = (0,0,0,...) 

(ii) Fy(>Va) = (0,0,0,...) 

(m) FV{{s , N\a)) = FV{s) U FV{N) 
(iv) FV{soq)=Os{FV{q)) 

We see that FV{s) = Os((0, 0, 0, . . .)) 

Definition 12.2. (a-equivalence for substitutions). 

We say that F h s i> A is a- equal to S h g i> 'I' and write 

(r h s A) =„ (S h g > ^') iff 

(r h s > A) [m h u) and 

(S h g ^') ^ (m h n), for some m, u. 

Example 12.3. 

(x, y h Wj, > x) ^ (2 h W) 

(x, X h x) ^ (2 h W) 

(x, y h yVy i> x) =a (x, X h Wx x) 
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